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Abstract: In the food sector, it is necessary to maintain quality and products from the 

production of dairy products to the final supply point. It aims to minimize the objective 

function and level of presentation required for the product provided by the analysis of 

Benders decomposition. The model also includes different consumer demands for 

consumption decisions. In this study, with the Benders decomposition algorithm, it ensured 

that the quality level of the service delivered as soon as possible, the warehouses delivered 

from the factories and the remaining shelf life kept at the maximum level.  

1. Introduction  

Supply chains have to plan and promote their production systems more effectively, agilely, and 

efficiently. The supply chain and logistics cover all system activities and resources, including 

products or services from suppliers to customers. Raw materials and components referred to as final 

products and delivered to the final customer with the supply chain. In addition, certain features 

affect the design performance. The food industry differs from other industries with specific 

legislation, product sensitivity, deterioration, storage conditions, shelf life, and changing product 

quality. These factors cause to increase costs. The characteristics of the food industry lead to 

specific requirements for transport, storage, and processing. Companies face competitive dynamic 

economic environment conditions.  

The suggested model applied to Turkey's dairy supply chain case, which includes suppliers, dairy 

plants, and markets. A good supply chain model is very significant in a competitive environment in 

terms of practical performance for food product quality. The rapid decay of raw materials and 

products leads to the need for unique processing, transportation, and storage. These factors are 

considered the dairy industry on process design selection investigated using quality milk processing 

as an example to use the Bender's decomposition algorithm to avoid sub-optimization in the choice 

of food process design. 

The rest of this article organizes as follows: In section 2, the relevant literature summarizes, and 

Section 3 presents the proposed modelling approach. In the beginning, the design area considers the 

product characteristics. After that, the Benders decomposition algorithm applies in the two stages. 
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In the first stage, the other says the main stage considers the objective function that determines the 

appropriate product volume in the supply chain. In the second stage, product designs and production 

volumes consider and decisions regarding supply chain operations taken into consideration. 

2. Literature Survey 

In this study, sustainable dairy products structure modelled with three-stage model. It considers 

the delivering raw materials and is the most necessary condition to deliver the products to 

warehouses and sales stores as soon as possible. Sustainable is the transportation of the product 

from the factory to the consumer while preserving its freshness. The product deliveries to the 

customers without any deterioration in quality. Simultaneously, the model solves with the Benders 

decomposition method in different situation alternatives. 

Our study considers the balance of the production capacity with demand and customer demands, 

sales with operation plans. Our study covers the different planning decisions with the demand and 

production limitations and demand and capacity comparisons. Existing supply chain and production 

models have to consider the environmental threads and food security of future generations. 

Interactive and more efficient tooling and production system, a higher storage level obtained from 

the factory storage area, meeting the warehouse requirements in a timely and comprehensive 

manner. Mogalle et al. (2018) proposed a grain supply-chain network with mixed-integer nonlinear 

programming. They considered an integrated, multi-purpose, and multi-term mathematical model 

that considers the grain silo, storage capacity, and changing demand conditions [1]. This process 

proposed a comprehensive mathematical model that considers different target situations. Li et al. 

(2020) suggested production routing problems with the multiple plants and packing considerations 

for food products [2]. There have a short shelf life, sustainable structure aims to reach the foods to 

customers in new conditions, and producer firms aim to minimize waste products. Stale products 

are undesirable by both the manufacturer and the vendor. Allaabneh et al. considered environmental 

factors for perishable products; Bender's decomposition algorithm used for optimal replenishment 

planning and vehicle routes when maximizing the supplier's profit and minimizing costs from 

inventory holding [3]. Davoodi and Goi developed an integrated model for critical aid operations to 

prevent late arrivals of aid vehicles and used the benders decomposition algorithm [4]. Kiriolova et 

al. highlighted the importance of environmentally sensitive management for the dairy supply chain 

design [5]. They presented a mathematical model considering the factories' product portfolio and 

capacity status, taking the dairy portfolio together with the environmental impact assessment. 

Bottani et al. (2019) proposed a flexible model that ensures the continuity of business operations in 

case of risk situations and disruptions [6]. A mixed-integer programming approach was used in the 

model that maximizes profit and minimizes total delivery time. Pariazar et al. (2017) developed a 

pharmaceutical and food supply chain two-stage stochastic model. The strategic decisions are 

supplier locations with capacity and the operational decisions are transportation and inspection [7]. 

Bilgen and Doğan (2015) analyzed the value-added distribution integrated with production planning 

to reduce the cost of distribution of dairy products [8]. Eğilmez et al. (2019) applied discrete event 

simulation to hybris cellular manufacturing with integrated mixed integer nonlinear programming 

[9], and Grillo et al. (2017) considered a multi-purpose mathematical model in which different 

demand situations [10]. Paul et al. (2017) proposed a three-tier supply chain network [11]. It 

includes predictive plan management in real-time using the predictive mitigation planning approach. 

Gholamian et al. (2017) [12]; Bilgen & Doğan, 2015[8]; Doganis and Sarimveis (2008) [13]; Mula 

et al. (2010) [14]; Sel and Bilgen (2015) [15] examined the integrated some of the supply chain 

model planning problem. Bidhandi et al. (2009) [16], Shaw et al. (2016)[17] , Mariel and Minner 

(2017) used Bender's decomposition algorithm in supply chain management[18]. In our study, the 
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dairy supply chain mathematical model has been handled in detail with the mixed integer 

programming approach, and Bender's decomposition algorithm has been preferred to avoid sub-

optimization situations in the solution of the problem. 

3. Dairy Products Supply Chain Distribution System 

This study includes the structure in which the production, distribution, and consumption 

activities in detail. Dairy supply chain structure includes collecting, processing, and distributing the 

milk that constitutes the raw material of the production to the distribution centres’ for the delivery 

of the produced product to the consumer soon as possible. 

3.1 Dairy Food Products Industry 

The product pricing policy of the food products depends on the homogeneity, freshness, 

deterioration of the original properties, and shelf life of the products. For this reason, the developed 

policy aims to minimize two goals: total cost and to ensure that the products meet the consumers 

with the minor distortion status and the average product freshness, i.e., maximizing the average 

shelf life. The selling price of the product may vary according to the cost of the product, shelf life, 

and customer demand. The speed and condition of the supply period should be adjusted by 

considering the connection conditions between customer demand conditions. 

In the supply chain analysis, there are considerable constraints before and during production. Our 

main goal is to reduce the efficiency of the raw material constraints equal to or greater than the 

quantity required for production. At the time of production, it obtains the maximum quantity of 

products that meet the orders. During the production, mathematical models formed by paying 

attention to the constraints such as raw material, number of workers, machines, and daily labour 

hours. The amount of product distributed and stocked according to daily plans distributed to storage 

production. Much research done in the literature and various mathematical models developed. The 

assumptions taken into account when creating a mathematical model for our problem are; 

• The demand for each product group in each city known; 

• With a single source assumption, a distributor, can only receive one regional depot for all 

product groups; 

• Each regional warehouse to open must have a storage capacity of at least 250 tons. 

• Candidate cities where regional repositories can established are certain; 

•The cost of holding the total cycle inventory is not dependent on which inventory (central 

warehouse or regional warehouse) the inventory held in; 

• All machines and jobs are ready for use at zero time, 

• A machine can handle a single job at the same time, 

• Once a job commenced, it should processed without division or transfer to another machine, 

• A job can processed on a maximum of one machine, 

• The parameters related to the job (time of operation etc.) and the number of machines are 

known precisely, 

• There is no priority order among jobs. 

3.2 Mathematıcal Programming 

This section provides a detailed description of the multi-objective linear programming (MOLP) 

model and the notations and parameters. 

The following notations used in this study to formulate the mathematical model. 
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e             supplier  

i   plant  

j   DC(Distribution Center)  

k   retailer  

m   product  

p    period time  

n   raw material  

Plim  m production quantity of plant i  

Xijm  transportation quantity m product from plant i to DC j  

pci  production cost per unit at plant i 

H   holding cost  

T   transportation cost  

Wa  waiting penalty cost  

La   lateness penalty cost  

Xjkm  transportation quantity m product from DC j to retailer k  

dem  demand  

disij   Distance of node i from node j 

Q    Capacity of vehicle of type z 

Ane  Quantity of raw material n to potential supplier e 

Anei  Quantity of raw material n provided by supplier e to plant i 

Amij  Quantity of finished product m provided by plant i to DC j 

Invkp   Stored product quantity in retailer k  

Invjp   Stored product quantity in distribution center j  

       maximum production capacity  

   each distribution centers  

   each retaler  

Qsne  Upper limit on the raw material n shipped from potential supplier e 

Qpmi,j  Upper limit on the finished product m shipped from plant i to DC j 

u    Arrival time 

St,z   Average speed for vehicle tz of type of z 

Prkp(urkp)   Time windows violation penalty for retailer k  

Pdip(udjp) Time windows violation penalty for distribution center j  

L    Latest arrival time  

G0  Supplier nodes 

G1  Distribution centers nodes 

G2  Retailers nodes 

G3  Between of the plants, DCs and retailers nodes 

3.3. Objective function 

The objective function aims to minimize the total supply chain cost. The production cost of the 

basic units that make up the supply chain between Eq (1-13) consists of average holding cost, 

transportation cost, waiting penalty cost, and lateness penalty costs. 

Costs at Plants 

Production cost=                                  (1) 

Average holding cost=    (2) 
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Transportation cost=      (3) 

Waiting penalty cost=        (4) 

 Lateness penalty cost=               (5) 

Costs at Distribution Centres (DC) 

Operating cost=                (6) 

Handling cost=      (7) 

Transportation cost=    (8) 

Waiting penalty cost=        (9) 

Lateness penalty cost=           (10) 

Costs at retailer 

Average holding cost=      (11) 

Waiting penalty cost=           (12) 

Lateness penalty cost=         (13) 

  (14) 

Constraints 

Equality. (15 - (18) indicate the number of raw materials purchased from a particular supplier to 

produce the required product. 

      (15) 

           (16) 

     (17) 

   (18) 

Eq.(19) indicates the delivery of manufactured products from the factory to the distribution 

centers, and Eq. (20) refers to the delivery of the products from DC to the retailer. Eq. (21) shows 
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the link between demand and product quantity. 

     (19) 

    (20) 

   (21) 

Eqs. (22-24) show product flows in line with the demand for each supplier in each time period. 

  (22) 

  (23) 

  (24) 

  (25) 

  (26) 

Eq. (25) and (26) show arrival and travel times of vehicles from node i to j and k nodes for 

distribution centres’ and retailers’. Eq. (27-29) indicates that the production amount cannot exceed 

the maximum capacity under ideal conditions plants, distribution centres’, and retailers. Eq. (30) 

shows the top DCs product holding capacity. Eq. (31) shows the restrictions of the capacity statuses 

of vehicles. 

      (27) 

      (28) 

       (29) 

    (30) 

Eq. (31-32) indicates that the products produced at the factory are equal to the total quantity 

demanded.  

      (31) 

     (32) 

Eq. (33) shows the condition that all variables must be greater than zero. 

All of the variables         (33) 

3.4 Benders’ Decomposition 

The Benders' Decomposition (BD) algorithm developed by Benders, provides the optimum 

solution to multi-integer linear programming problems in a shorter time by reducing variables with 

the duality approach (Hooker, 2007)[19]. Especially in cases where the number of variables is high, 
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the optimization process s performed by taking the dual of the problem. The algorithm consists of 

two parts, and the first part as the main problem defined for a subset of variables, while in the 

second part, variables the subset are analysed. The decision variables of x and y represent as follows: 

the y indicates the complex structure, x shows the non-complex variables. In the Benders-cut 

method, the standard optimization structure is considered. It added to the master by repeating the 

primal and master problems in each iteration. In this case, the reduction (maximization) depends on 

the main optimal solution with a lower (upper) and a Primal upper (lower) (Bidhandi et al., 

2009;2017)[16,20,21]. In the Benders algorithm, while the process applied within limits in 

obtaining the optimum values, the problem can solved with a higher acceleration while reaching the 

goals that make up the Bender's cut. 

The basic structure (Eq.(34) 

min cx+dy 

Ax+Byb 

x,y 0           (34) 

After k iteration, a relationship between the main problem and the sub-problem begins with the 

trial where the Benders cut condition  is satisfied. 

In the processing phase (second stage), the total cost of each supply point is minimized, taking 

into account the demand conditions, the least cost option is preferred (Mariel et al., 2017) [18]. 

Costs minimized, and necessary assignments are made to demand points. Delivery times 

unconsidered in the main problem. The problem shown below: 

Main problem 

Min z 

      (35) 

Sub problem 

Min cz+dy       (36) 

      (37) 

         (38) 

The dual solution shows the case of optimality: assigned in the case of dy 

   In the case of Bd and , the appropriate dual solution for x also shows the 

weak and weak duality. At the same time,  . the weak duality state can be represented 

more fully with . 

Benders' cutting algorithm is developed based on the above model structure: 

Step 1 (Initiation): An appropriate starting point for Y is chosen and is called Y ̅. As upper and 

lower boundaries, under the Z u = + ∞, Z l =-∞, , are taken into account to create the primary 

constraint. 

Step 2 (Linear programming phase): To obtain the extreme points, the Benders solve the sub-

problem and then consider the top problem Zu = {Zu, U0 + cY ̅. 

Step 3 (Integer programming phase): Based on the sub-problem solution is in Step 2, new 

constraints add to the main problem, and by solving the main problem (IP), Y obtained. Then {Zu = 

Zu, U0 + cY ̅} state is updated by considering Z l =min Z. 

Step 4 (Termination): If the upper and lower bounds are not close enough, i.e., Zu-Zl  , go to 

step 2. Otherwise, Y ̅ is the ultimate optimal value of Y. In order to get X ̅, the fundamental problem 

for Y = Y ̅ obtained [18-20]. 
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4. Case Study 

The main problem phase determines which products shipped to which demand points before 

sourcing from suppliers. If the quantity sent to each assignment point known, a sub-problem created. 

Demand-based sub-problem finds the allocation quantities and durations and minimizes the 

procurement production time. On each iteration, the following sub-problem solved and logical 

breaks related to assignments created. 

Since the purpose function of MP is the attenuation of the equivalent Benders-reformulation, it 

gives a reasonable low limit for optimum cost. In addition, combining the objective value of the 

subproblem with the solution, which is equivalent to fixing the expression in the original 

formulation, imposes a valid upper bound for optimum cost. It has the feature of reduction, gives a 

reasonable lower limit for optimum cost. Furthermore, the objective value of the sub-problem is 

equivalent to fixing the expression in the original formulation. Combining the Y-optimal solution 

sets a reasonable upper limit for the optimum cost (Shaw et al.)[17, 21]. 

Simultaneously, the company carries out the procurement, production, and distribution processes 

by applying the following steps in the production processes and supply chain model. Company's 

existing storage system is scattered; there are nine regional warehouses opened in different cities in 

order to meet customers' urgent orders in factory production facilities, but the stock quantity of 

these warehouses is usually deficient, so there are not many stocks for many products in many days 

of the month. Therefore, the necessity and efficiency of these deposits can questioned (Fig.1). 

 

Figure 1: Factory and distribution points 

 

Figure 2: Bound and best optimal solution result 
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As a result, in the current distribution system, the logistics durations cannot reduced, as the 

company cannot get the desired level of service in the storage distribution of the products. In light 

of these symptoms arising from the analysis of the distribution part of the firm's supply chain, the 

problem defined as an efficient and inefficient logistics system for the distribution of products. 

Table 1 and Fig. 2 show the profit/unit values between supply centres and product's respect of the 

distances.  

Table 1: Distances between supply centres, dairies, markets, and respective transportation costs. 

 
Then, the values of 15% and -15% for the bound optimal objective almost equally affected (in 

Table 2 and Fig.3). As in product, quantity values, 15% are the most affected values in best solution 

and objective values. As the demand values increased, the solution increased at the same rate and 

decreased at the same rate. 

Table 2: Products and quantity sensitivity values in -15% to 15% 

 
When we look at the product values, four products attract attention at the -15%, -5%, 0%, 5%, 

and 15% values that occur in the demand change, and in each case, the product value is 0 (Table 2). 

Keeping stock for butter, strained yogurt, string cheese, and braided cheese because unnecessary 

stock respect from the holding costs and the shelf life of these products in the perishable food class 

before they sold. Therefore, it seems more appropriate to produce according to order in these 

products. When we examine it as a product, the most different change in the product value on all the 

demand changes observed in the -15% change in the pasteurized milk value (Fig. 4). The most 

significant change in product value occurred at -15% (Fig.4). The most sensitive product according 

to the changes in demand from the percentage changes that occur in the demand changes is 

pasteurized milk. Buttermilk and yogurt less affected than other products. In this case, the best 

interpretation is that ayran and yogurt are the most suitable products to keep stock in. 
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Figure 3: Objective Function value in sensitivity degrees in -15% to 15% 

 

Figure 4: Product amounts and demand changes in sensitivity 

Thanks to Bender's cutting, in the solution of multivariate and multipurpose problems, more 

solutions that are balanced obtained by overcoming more than one conflicting target. It is possible 

to obtain the optimal solution because of evaluating the different demand conditions obtained. 

Thanks to the information obtained from this study, it is possible to determine production strategies 

by evaluating different demand situations.  

5. Conclusion 

Bender's decomposition management applied to the dairy supply-chain management model in 

this study. The dairy products factory operations of the supply chain model analysed by Bender's 

decomposition approach. Work carried out on the optimum management strategies with the 

available real data. The study consists of a three-layer supply-chain management model that 

includes raw material procurement, product manufacturing, and distribution of manufactured 

products. The proposed approach proven in actual case studies from Turkey dairy industry. Finally, 

the successful implementation of the proposed approach is such that it exemplifies not only the 

entire range of dairy products, but also supply chain management models of a similar nature. 

The main contributions that the dairy supply chain model was developed and the optimal 

production quantities found for different demand situations by applying the Benders decomposition 

algorithm.  
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