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Abstract: Axisymmetric structures have applications in various fields such as engineering 

and architecture. This type of structure exhibits complex stress distribution and failure 

modes when subjected to ultimate loads, and the importance of the analysis method for its 

upper limit in the engineering field is self-evident. Its upper limit analysis is mainly used to 

evaluate the stability and load-bearing capacity of axisymmetric structures under load. The 

intention of the fully edge smooth finite interpolation method is to improve the accuracy 

and efficiency of analysis. It improves the interpolation function to maintain smoothness at 

the boundary, and uses adaptive mesh partitioning and local refinement to make the 

analysis more accurate and efficient. Therefore, the purpose of this article's in-depth study 

on the perfect edge smooth finite interpolation method is to introduce smooth functions and 

finite interpolation techniques, accurately simulate structures, avoid risks, and reduce 

losses. This article mainly applies numerical simulation and experimental comparison to 

compare the axisymmetric structures of thick walled cylinders, frustums, and spheres. The 

ultimate load of each structure is obtained by changing the distortion coefficient and radius 

ratio. The experimental results show that in cylindrical testing, the performance difference 

between the two methods is greatest when the radius ratio is 3.5. The error between the 

perfectly smooth finite interpolation method and the analytical value is smaller, while the 

direct iteration method has a larger error. 

1. Introduction 

An object or structure has symmetry in a certain axis, which is called an axisymmetric structure. 

Pressure vessels, bearings, axles, etc. all belong to this category. Ultimate limit analysis can 

determine the maximum stress and deformation that a structure can achieve under ultimate loads, 

involving elasticity, plasticity, and fracture mechanics. It considers the nonlinear behavior of 

materials, geometric nonlinearity of structures, and boundary conditions to ensure the safety of the 

structure. With the rapid development of computer technology and numerical analysis methods, 

various numerical methods have been used for the analysis of such situations. Finite element 

method, boundary element method, finite difference method, etc. can all calculate the upper limit, 

and this article needs to study the advantages of fully edge smooth finite interpolation method 
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compared to these three methods. Most limit analysis methods are based on empirical formulas and 

simplified models, which lead to inaccurate predictions of the ultimate bearing capacity of 

structures. To address this issue, this paper proposes a novel numerical analysis method - the fully 

edge smooth finite interpolation method, aimed at improving the accuracy and efficiency of the 

analysis.  

The complete edge smooth finite interpolation method is used to construct an appropriate 

interpolation model and accurately simulate the mechanical behavior of axisymmetric structures. 

The smooth function smoothes the stress distribution on the structural boundary, avoiding the 

phenomenon of stress concentration. Arranging interpolation nodes inside the structure, interpolate 

the stress on the nodes, and obtain the stress distribution of the entire structure. This method not 

only ensures the accuracy of the analysis, but also improves the efficiency of the calculation. 

This article first introduces the importance and application fields of axisymmetric structures and 

their limit upper limit analysis in the introduction, analyzes the purpose and advantages of using 

complete edge smooth finite interpolation method, and then explores the interpolation method and 

axisymmetric structures studied by scholars. In the upper limit analysis section of axisymmetric 

structures, this article elaborates on the basic concepts and solution methods of axisymmetric 

mechanical problems, proposes control equations and boundary conditions, studies the basic 

principles and advantages of the complete edge smooth finite interpolation method, and compares 

the direct iteration method and the complete edge smooth finite interpolation method. In the fourth 

part, this article uses numerical simulation to implement it, compares the numerical and theoretical 

results of ultimate load under different conditions, and discusses them. Finally, a summary is 

provided for this article.  

2. Related Works 

When the stress exceeds the allowable value of the material, the material enters the plastic 

deformation stage first. This stage is the process of the material transitioning from elastic to plastic, 

and the plastic region gradually expands. During this process, the internal stress of the structure is 

redistributed, and the load-bearing part increases, thereby improving the overall load-bearing 

capacity. Some scholars have conducted in-depth research on interpolation methods. For example, 

Karthick Sampath used finite difference methods and linear interpolation to solve coupled problems, 

which was an effective numerical method for dealing with such complex delay differential 

equations [1]. To explore the spatial distribution of atmospheric temperature, HUANG L analyzed 

the spatial interpolation of China's atmospheric weighted average temperature grid products and 

considered the vertical decline rate [2]. Natalia B D applied the Newton interpolation method to the 

bank interest rate of housing loans in Indonesia, providing a new method for numerical analysis of 

bank interest rates [3]. The spatial modeling of groundwater level can enable people to grasp the 

temporal and spatial changes of water level in a timely manner. Arkoc O emphasized the use of GIS 

and different interpolation methods to study the groundwater level in Ergene Basin, Türkiye [4]. 

Some scholars have also studied materials related to axisymmetric structures. Huang X simulated 

the water inflow problem using an axisymmetric smooth particle fluid dynamics model and a VAS 

scheme [5]. Tang T studied the combustion structure and flame stability in axisymmetric scramjet 

engines, providing valuable theories [6]. Based on temperature dependent material properties, Wang 

B performed stress constrained thermoelastic topology optimization on axisymmetric disks [7]. 

Salenko O used the finite difference method to obtain the damage behavior of multi-layer 

axisymmetric shells [8]. Li F had made significant contributions to the stability analysis of 

hypersonic flows, as he experimentally simulated the secondary instability of Görtler vortices in 

hypersonic boundary layers under axisymmetric configurations [9]. Shahriar A had gained a deep 

88



understanding of the vortex dynamics of axisymmetric cones at high angles of attack [10]. 

Establishing a global two-layer radiative transfer model for an axisymmetric and shadow covered 

protoplanetary disk, Okuzumi S emphasized the axisymmetric characteristics of the protoplanetary 

disk [11]. Based on the molecular transport effect, Mitsupoulos E P believed that estimating laminar 

flame velocity using axisymmetric intrinsic flames was a new computational approach [12]. 

Vaccaro M S studied the mechanical behavior of two-phase elastic axisymmetric nanoplates, and 

numerically simulated their stress and strain distributions under different conditions, as well as the 

mechanical properties and size effects of the material [13]. Kurenov S focused on the axisymmetric 

stress state of adhesive joints between thin plates with circular notches and circular patches [14]. 

Eipakchi H described the axisymmetric analysis of negative Poisson's ratio composite cylindrical 

shells with a honeycomb core layer and variable thickness [15].  

Ultimate load is an important criterion for plastic failure in engineering strength design and 

safety assessment, and is widely used in engineering structural design specifications and regulations. 

At present, limit analysis mainly adopts mature grid based numerical methods such as finite element 

method and boundary element method. The field of computational mechanics still requires research 

on simple, efficient, stable, and applicable numerical algorithms for complex engineering structures. 

Therefore, this article studies the complete edge smooth finite interpolation method for limit 

analysis of axisymmetric structures.  

3. Upper Limit Analysis of Axisymmetric Structures 

3.1 Axisymmetric Mechanical Problems 

The parts of the axisymmetric structure on both sides of the straight line are identical in shape, 

size, and relative position [16]. This symmetry endows objects with a sense of aesthetic balance. 

Many engineering structures, such as bridges, buildings, and mechanical components, adopt 

axisymmetric design [17-18]. Axisymmetric structures have strong stability, can withstand huge 

loads and wind forces, and resist the impact of natural disasters such as earthquakes [19-20]. 

Axisymmetric mechanics problems belong to a branch of elasticity [21]. The displacement, stress, 

and strain components are expressed as functions of r and z, independent of angle. Its solution 

involves the use of cylindrical coordinate systems, calculated using the Lefu displacement function. 

This article uses the Galerkin method to construct solution formats for linear elastic analysis and 

elastic-plastic analysis. These two formats are important steps in solving axisymmetric problems. 

Materials are elastic bodies that follow Hooke's law, which means there is a linear relationship 

between stress and strain. Axisymmetric problems are usually analyzed using cylindrical 

coordinates (r, a, z), where the z-axis serves as the axis of symmetry. The displacement is only 

radial displacement u along the r direction and axial displacement w along the z direction. The 

corresponding control equations and boundary conditions are:  

0 ydi                                   (1) 

s m                                    (2) 

Among them, 
S

arzzr ],,,[  
, di is the differential operator, and m is the outer normal 

cosine. Then, the weighted residual method is used to obtain the weak form, and the displacement is 

obtained through the natural neighbor interpolation method. The discrete equation is expressed as:  

gLV                                     (3) 

V is the displacement vector of all nodes, L is the overall stiffness matrix, and g is the overall 

89



load vector. Elastoplastic analysis needs to consider the nonlinear behavior of materials. This article 

adopts a gradual increase in load approach to approximate the problem as a series of linear 

problems. Calculating the stress increment and strain increment at each load increment, and update 

the stress state of the material. This article uses the modified Newton Raphson method to solve 

incremental problems, discretizing continuous problems into finite elements or nodes for numerical 

calculations. This article uses finite element method and finite difference method to solve the 

discretized equation, and post-processes the results obtained from the solution.  

3.2 Ultimate Limit Analysis 

Ultimate limit analysis is a widely used mechanical analysis method in structural engineering, 

whose basic principle is based on the limit state of the structure. The state in which the structure is 

subjected to the maximum allowable load is the limit state. Applying limit limit analysis to evaluate 

safety and stability under maximum allowable load, as well as the lifespan and durability of the 

structure. Calculating the ultimate load multiplier   as follows: 

cWikikWt  
3

2
:min

                          (4) 

t  is the yield stress. The discrete axisymmetric plane consists of multiple smooth domains. The 

upper limit step based on complete edge smoothness is to solve the minimization problem of 

axisymmetric completely plastic states, obtain the limit load multiplier, divide the rigid and plastic 

zone subsets, and then solve the minimization problem. When the following equation is satisfied:  

   iii /1                                 (5) 

Introducing Lagrange multipliers into the objective function. The solution algorithm for limit 

analysis is based on the finite element method and boundary element method. This article believes 

that it is necessary to correct the defects that depend on the grid. Therefore, this article needs to use 

the meshless method for limit upper limit analysis. 

3.3 Complete Edge Smooth Finite Interpolation Method  

The fully edge smooth finite element method transforms the process of solving non smooth 

problems into solving problems in a smooth function space, improving the computational accuracy, 

convergence, and efficiency of linear elements, and reducing sensitivity to distorted meshes. This 

method smoothes the corresponding variable matrix and combines the signed indefinite integral and 

Gaussian divergence theorem to calculate the consistent mass matrix using coupled integral. It 

unifies the integration format of stiffness matrix and consistent mass matrix, converting domain 

integration into boundary integration along smooth domain boundaries, avoiding coordinate 

mapping and Jacobian matrix calculation.  

The interpolation method accurately captures the subtle changes near stress concentration and 

singular points, and can also maintain the accuracy of the solution without increasing the grid 

density. It reduces dependence on the grid and does not require excessive refinement of the grid. 

This article accurately establishes the cylindrical shape of an axisymmetric cylinder in 

two-dimensional space, and then uses a relatively sparse but optimized distribution grid to reduce 

computational complexity. Introducing an additional degree of freedom on each edge allows for a 

better capture of local behavior. Its fixed boundary, symmetric boundary, free boundary, etc. are 

determined. 
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Figure 1: Comparison of numerical and theoretical solutions for ultimate load under different radii 

As shown in Figure 1, this article compares the errors at radii of 2, 2.5, 3, 3.5, and 4, respectively. 

The comparison methods are direct iteration method and fully edge smooth finite interpolation 

method. The errors between the direct iteration method and the analytical values are 0.024, 0.121, 

0.108, 0.233, and 0.054, respectively. The errors between the completely smooth finite interpolation 

method and the analytical values are 0.01, 0.03, 0.02, 0.01, and 0, respectively.  

The specific situation of its ultimate load when the outer radius/inner radius=3 is shown in Table 

1: 

Table 1: Ultimate load at outer radius/inner radius=3 

Deformation 

coefficient 

Analytic 

solutions 

Direct 

iteration 

method 

Complete edge-smooth 

finite interpolation 

method 

0.1 1.2544 1.2541 1.2543 

0.2 1.2537 1.2532 1.2535 

0.3 1.2532 1.2528 1.2533 

0.4 1.2528 1.2523 1.2529 

0.5 1.2525 1.2527 1.2525 

The value of the analytical solution differs to some extent from the direct iteration method and 

the method proposed in this paper. We can see that when the outer radius/inner radius is 3, the 

ultimate load with a distortion coefficient of 0.2 has the maximum error between the direct iteration 

method and the fully edge smooth finite interpolation method and the analytical value. The error of 

the fully edge smooth finite interpolation method is smaller than that of the direct iteration method. 

Therefore, the fully edge smooth finite interpolation method has higher accuracy in the limit 

analysis of axisymmetric structures.  

4. Results and Discussion 

4.1 Numerical Simulation Experiments 

In order to achieve effective calculation verification of correctness, this article requires a 
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comparison of three thick walled axisymmetric structures, namely cylindrical, spherical, and 

frustum, to test their ultimate pressure and compare them with the analytical solution. This article 

uses cylinders of different materials and sizes, gradually increasing pressure, and recording their 

performance when reaching the ultimate pressure. A spherical object has a uniform force 

characteristic and undergoes a positive change when subjected to pressure. This article summarizes 

the deformation and failure of a sphere under different pressures, and analyzes the influencing 

factors of its ultimate pressure. The ultimate load of the sphere is analyzed by adjusting the 

distortion coefficient. A frustum is an axisymmetric structure with variable cross-section, and its 

ultimate pressure is closely related to the diameter, height, and wall thickness of the upper and 

lower bottom surfaces. This article compares the ultimate load results with distortion coefficients of 

0, 0.3, and 0.5 for circular frustum bottom angles of 30, 45, 60, and 75, respectively. These three 

structures exhibit different behaviors when subjected to pressure. 

4.2 Analysis of Ultimate Load 

The fully edge smooth finite interpolation method, as a new numerical analysis method, has 

advantages such as high accuracy and efficiency, and can accurately predict the ultimate bearing 

capacity of structures. This article uses the direct iteration method and the fully edge smooth finite 

interpolation method to analyze axisymmetric mechanical problems. The factors that need to be 

considered in axisymmetric mechanical problems include displacement, stress, and strain 

components. The purpose of numerical simulation experiments is to verify the effectiveness and 

accuracy of the fully edge smooth finite interpolation method and compare it with analytical 

solutions. The smooth function plays a role in smoothing the stress distribution on the boundary of 

the structure.  

The stress function method is easy to satisfy equilibrium conditions, but the boundary conditions 

are not easy to satisfy, and the solution process is complex. Analytical analysis method is used to 

determine the plastic damage limit of the structure and solve the ultimate load. The numerical 

analysis method can obtain more accurate ultimate load results. This article uses the complete edge 

smooth finite interpolation method to analyze the loads on spherical shells and frustums.  

 

Figure 2: Ultimate load of spherical shells with different distortion coefficients 

As shown in Figure 2, the distortion coefficients are 0.1, 0.2, 0.3, 0.4, 0.5, and the analytical 

values are 0.524. The results of the direct iteration method are 0.521, 0.522, 0.527, 0.528, and 0.529, 
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respectively. The results of the method proposed in this paper are 0.524, 0.525, 0.526, 0.527, and 

0.528, respectively. The method used in this article is significantly higher than the direct iteration 

method. By using Matlab to calculate the residual norm, it is found that the change in the result is 

tortuous, with an overall trend of first decreasing and then increasing.  

 

Figure 3: Ultimate load of circular frustum at different base angles 

As shown in Figure 3, when the base angle is 30 ° and the distortion coefficient is 0 (as shown in 

Figure 3a), the ultimate load shows a higher bearing capacity (1.17). When the bottom angle 

becomes 45 °, the ultimate load slightly decreases (1.03). When the bottom angle is 60 °, the load 

further decreases (0.94). When the bottom angle is 75 °, the load is 0.87. When the distortion 

coefficient increases to 0.3 (as shown in Figure 3b), the ultimate load remains unchanged. The 

ultimate load at a base angle of 30 ° is 1.17, the result at 45 ° is 1.03, the result at 60 ° is 0.94, and 

the result at 75 ° is 0.87. When the distortion coefficient increases to 0.5 (as shown in Figure 3c), 

the ultimate load at a base angle of 30 ° slightly increases (1.18), the result at 45 ° is 1.04, the result 

at 60 ° is 0.95, and the result at 75 ° is 0.88. This indicates that the increase in distortion coefficient 

has an enhancing effect on the ultimate load.  

5. Conclusion 

The rapid development of technology and the soaring productivity have elevated the pursuit of 

safety and stability in engineering structures in industries such as chemical, mechanical, and civil 

engineering. The call for environmental protection, energy conservation, and sustainable 

development is urging engineering structures to demonstrate their maximum load-bearing capacity, 

achieving a leap in economic benefits while also achieving careful resource management. The fully 

edge smooth finite interpolation method performs well in the upper limit analysis of axisymmetric 

structures. This method adopts smoothing technique, which is more accurate in describing stress 

distribution and strain field, has wide applicability, and higher computational efficiency. But its 

computational complexity increases, consumes more computing resources, is easily affected by the 

model, and has certain errors. The parameters need to be adjusted at any time. This article believes 

that improving algorithms can reduce computational complexity, further improve the model, and 

study parameter adaptive techniques, so that this method can be better applied to the analysis of 

large axisymmetric structures. 
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