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Abstract: Image enhancement is important in image processing. It can improve image
contrast, highlight details and suppress noise. This work proposes two general filters based
on mathematical functions for the image enhancement. The first filter was designed using
logarithmic, anti-trigonometric and hypotenuse functions. The second filter was designed
using trigonometric and anti-trigonometric functions. These two filters can be used for
processing the images acquired from fluorescence microscope and transmission electron
microscope. We also use them to process images containing nesting structures, weak-light
images and images with high degradation by the Gaussian noise. They are effective to
achieve better enhancement of the images.

1. Introduction

Image enhancement plays a crucial role in image processing, as it can significantly improve image
quality. It is widely used as a preprocessing step for target recognition, target tracking, and image
fusion [1]. Over the past decades, numerous image enhancement techniques have been developed,
including histogram equalization (HE) [2], wavelet transform—based methods [3-5], and Retinex
theory—based approaches [6-9].

Histogram equalization is a commonly used technique that effectively improves image contrast;
however, it may lead to information loss and the disappearance of small-scale objects. Wavelet
transform-based enhancement methods decompose an image into low-frequency and high-frequency
components, allowing image details to be emphasized by enhancing different frequency bands.
Nevertheless, these methods tend to amplify noise. Retinex-based methods, inspired by the principles
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of retinal imaging, aim to simulate the human visual system, but they often suffer from local detail
loss and inevitable image distortion. Another class of image enhancement methods employs fuzzy
logic techniques [10-13]. Since images inherently exhibit fuzziness, fuzzy theory can be applied to
better represent image information. However, traditional fuzzy-based enhancement algorithms are
computationally intensive, fail to incorporate multi-level contour information, and often rely on
empirically chosen parameters that do not guarantee optimal performance.

In this work, we postulate that the appropriate selection of mathematical functions for filter
construction is the key to achieving desired frequency characteristics. By combining simple yet
general mathematical functions, effective filters can be designed. Through carefully constructed
special functions, image signals with different frequency components can be selectively enhanced,
thereby highlighting fine image details.

Based on this concept, we designed two image enhancement filters using special functions. These
filters were applied to images acquired from fluorescence microscopy and transmission electron
microscopy (TEM). In life sciences, fluorescence microscopy is widely used to investigate the
absorption, transport, distribution, and localization of chemical substances within cells or tissues, and
the resulting images contain rich structural information. In contrast, TEM images often exhibit
substantial noise due to electron beam distortion and the extremely small size of the samples.
Enhancing images from both imaging modalities is therefore of critical importance.

The remainder of this paper is organized as follows. Section 2 introduces the proposed framework.
Section 3 presents the experimental results and discussion, focusing on fluorescence microscopy and
TEM images. We further explore the application of the proposed filters to images with nested
structures, images degraded by Gaussian noise, low-light images, and images containing objects of
varying widths. Images captured under low-light conditions are typically dark and noisy, which poses
significant challenges for subsequent computer vision tasks such as tracking, detection, and
recognition. High-quality, clear images are essential for accurate analysis, making low-light image
enhancement particularly important. Notably, our results demonstrate that the proposed filters are
effective in enhancing weak-light images. Finally, the main conclusions and future perspectives are
summarized in the last section.

2. Method

This section presents the detail of two frameworks based on special functions. The proposed
framework is explained in two phases. Firstly, we pre-process the images, including conversion to
gray-scale, resizing images and storing the image data as doubles. Then, we processed the images
with special functions to enhance the images.

2.1. The log-hypot-log-sech filter

The pre-processing included reading image, converting to gray-image, resizing image and
converting data to double. After pre-processing, we have generated an array of matrix uu(m,n). We
perform wavelet packet transformation on uu(m,n). In other words, we generate a wavelet packet tree
T associated with the wavelet packet decomposition of the matrix uu(m,n), at level N, with the
specified wavelet. We reconstruct the coefficient from one specific node of the wavelet packet tree T
and generate a new coefficient A. With this new coefficient A, we can use the combination of
logarithmic functions, hypotenuse formulas, and hyperbolic functions to get the new pixel values.

The detailed algorithm is shown in Algorithm 1.

Algorithm 1: The algorithm of the log-hypot-log-sech filter for the image enhancement
1: Reading the image in JPG format
2: Converting the image into a gray image
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3: The image is resized to be 2660 2660
4: Converting the pixels value to double
5: Generating a wavelet packet tree T
6: Reconstructing the coefficient from one specific node of the wavelet packet tree T and generating
a new coefficient A
7: Defining the parameters h and w representing size of the image
8: for each iteration m=3 to h-1 do
9: for each iteration n=3 to w-1 do
10: Defining all the constants, defining r is the pixel value associated with A and calculating the
functions:
r; = a4 cos(r) + a,sin(r)
r, = log(ry X az + a,)
3 = ag X hypot(ry,13)

7 = log[a6><sec:(§r3+a7)]
u(m,n) = z%
end for
end for

Here, a1, a2, as, a4, as, as, a7 and as are constants. r is the pixel value associated with A. u(m,n) is
the final pixel value of the algorithm, which can be used to generate an output image.
11: Showing the processed image

2.2. The sech-acosh-cosh filter

We first read the image in JPG format, convert it into a gray image and resize the image into
2660>2660. We can generate a matrix tt(m,n) representing the image. After we run the wavelet
decomposition of tt(m,n) at certain level using the specific wavelet, we can acquire the wavelet
decomposition vector C. We modify C using the functions of “sech, acosh, and cosh” in order to
generate a new coefficient C4. We perform the inverse of the wavelet transform of C4 and generate
new pixel values of qg(m,n), which will be used for constructing the new image.

The detailed algorithm is shown in Algorithm 2.

Algorithm 2: The algorithm of the sech-acosh-cosh filter for the image enhancement
1: Reading the image in JPG format

2: Converting the image into a gray image

3: The image is resized to be 4000* 4000

4: Generating a matrix tt(m,n) representing the image.

5: Running the wavelet decomposition of ttém,n) at certain level using the specific wavelet and
acquiring the wavelet decomposition vector C.

6. Modifying C using the following equations:
C; = sech(C)

z = acosh

b, X cosh(C + b,)
Cy

C; =real(Cy)
C4_ - C3b3
7. Performing the inverse of the wavelet transform of C4 and generate new pixel values of qg(m,n)
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(Here, “real” means we only use the real part and dump the imaginary part. b1, b2 and bs are
constants)

8. Constructing the new image based on gq(m,n)

3. Results and discussion
3.1. Processing the image acquired from the fluorescence microscope

Figure 1ais a fungal image called as YW17-Fungal. Figure 1b, 1c are the images processed by the
two filters. Fig.1d is the image processed by the Sobel operator. These images indicate that our filters
are good for image enhancement. They can preserve more details of the original figures comparing
to the Sobel operator. They can preserve the size and position of the information as clearly indicated
in the original image. It should be noted that the Sobel operator is difficult to achieve the enhancement
of images acquired from the fluorescence microscope (Figure 1d).

Figure 1: (a) An image called as YW17-Fungal. (b) Processed by the log-hypot-log-sech filter. (c)
Processed by the sech-acosh-cosh filter. (d) Processed by the Sobel operator.

3.2. Processing the image acquired from transmission electron microscope

In order to explore the processing effect of our designed filters with the transmission electron
microscope, we use the image TEML1 (Figure 2a). We also compared the processing with the Sobel
operator. Compared with the image processed by the Sobel operator (Figure 2d), those images
(Figures 2b, 2c) acquired from our developed filters can show more details of the nanoparticles in
Figure 2a. They can clearly show the size and position of the nanoparticles. The image noise is also
removed.

Figure 2: (a) An image called as TEM1. (b) Processed by the log-hypot-log-sech filter. (c)
Processed by the sech-acosh-cosh filter. (d) Processed by the Sobel operator.
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Figure 3: (a) An image called as Bottle. (b) Processed by the log-hypot-log-sech filter. (c) Processed
by the sech-acosh-cosh filter. (d) Processed by the Sobel operator.

3.3. Processing the weak-light images

Images captured under weak-light conditions have poor contrast, blurred content and missing
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details. It is important to enhance the brightness and contrast of the image. We used a weak-light
image called as Bottle for processing (Figure 3a). The images processed using our filters can enhance
the brightness and contrast (see Figures 3b, 3c). It can highlight the shape of the bottle and the outline
of shelf with clear edges. When it was processed by the Sobel operator, it returns barely nothing but
the noise (Figure 3d).

3.4. Processing the nesting images

We have a series of nested images, as shown in Figures 4a, 5a, 6a. The three different images are
called as Arrow, Rectangle and Orange. For comparing study, we also use the Sobel operator to
process these images. The results are shown in Figures 4-6. It clearly showed that our two filters can
generate clearer edge, more image details. Moreover, the contrast with the background is sharp.

Figure 4: (a) An image called as Arrow. (b) Processed by the log-hypot-log-sech filter. (c)
Processed by the sech-acosh-cosh filter. (d) Processed by the Sobel operator.

Figure 5: (a) An image called as Rectangle. (b) Processed by the log-hypot-log-sech filter. (c)
Processed by the sech-acosh-cosh filter. (d) Processed by the Sobel operator.
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Figure 6: (a) An image called as Orange. (b) Processed by the log-hypot-log-sech filter. (c)
Processed by the sech-acosh-cosh filter. (d) Processed by the Sobel operator.
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Figure 7: (a) An image called as Fruit. (b) Degraded by the Gaussian noise with a density of 0.9. (c)
Processed by the log-hypot-log-sech filter. (d) Processed by the sech-acosh-cosh filter.

3.5. Processing the images with high degradation by the Gaussian noise

Enhancing the image with high degradation has become an indispensable technical step in image
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processing. In order to show that our filters can be useful, we add a Gaussian noise to an image called
Fruit. The noise density is 0.9. As shown in Figure 7, our developed filters can delete the Gaussian
noise and recover the shape of the object.

3.6. Processing images containing objects of different width

We draw an image called as “Array”, which shows nested objects of different width. We process
it using our developed filters (Figure 8b and Figure 8c). Clear edge can be extracted.

We also process it using several well-known filters, such as filter based on the watershed algorithm
(Figure 8d), the filter based on Gabor wavelets (Figure 8e) and the matched filter (Figure 8f). These
images acquired show some drawbacks. The nested objects acquired from the filter based on
watershed algorithm and the filter based on the Gabor wavelets are distorted. The smallest objects are
missing when it is processed by the matched filter.

Images acquired from fluorescence microscopy and transmission electron microscopy are often
susceptible to degradation caused by low contrast, image blurring, and a low signal-to-noise ratio.
We demonstrate that the filters developed in this work effectively enhance images obtained under
such adverse conditions. Specifically, the proposed filters preserve most of the structural and profile
information present in the original images while significantly improving contrast and suppressing
noise, thereby facilitating clearer visual interpretation by the human eye.

Figure 8. (a) An image called as Array. (b) Processed by the log-hypot-log-sech filter. (c) Processed
by the sech-acosh-cosh filter. (d) Processed by the filter based on watershed algorithm. (e)
Processed by the filter based on Gabor wavelets. (f) Processed by the matched filter.

Images captured under weak-light conditions typically suffer from poor quality, including low
contrast, severe noise, and blurred edges and textures. Our filters effectively enhance image
brightness and contrast under low-light conditions while extracting salient image contours. In addition,
the proposed filters are capable of processing images with extremely high levels of degradation noise.
To evaluate robustness, we artificially added noise with a density of 0.9 to test images; the filtering
results indicate that our method maintains satisfactory performance even under such severe noise
conditions.

The proposed functional forms are highly flexible and can be readily modified to accommodate
the processing requirements of diverse image types. Future work will focus on adapting these filters
to meet the intensive computational demands of computer systems [14], the Internet of Things [15],

15



and sensor and network-based platforms [16-20]. Moreover, computational efficiency, entropy
analysis, and integration with advanced system frameworks were not considered in the present study
and will be addressed in future investigations [21-27]. Another promising research direction involves
combining the proposed filtering approach with nanoparticle- and small-molecule-based imaging
techniques to further reduce image noise at the acquisition stage [28-37].

4. Conclusions

Image enhancement is important in digital image processing. It can adjust image brightness,
enhance image contrast, remove image noise, and extract image information. In this work, two filters
based on special functions are designed. They are useful for processing the images in a series of
nested set, the image acquired from the fluorescence microscope, the image acquired from
transmission electron microscope, the weak-light image, the image with high degradation by the
Gaussian noise and the image containing objects of different width. They are expected to be used in
the field of target identification and medical diagnosis.
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